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A SPLITTING THEOREM FOR EXTREMAL KA¨HLER METRICS
VESTISLAV APOSTOLOV AND HONGNIAN HUANG
Abstract. Based on recent work of S. K. Donaldson [11, 14] and T. Mabuchi [28, 29,
30], we prove that any extremal Ka¨hler metric in the sense of E. Calabi [4], defined
on the product of polarized compact complex projective manifolds is the product of
extremal Ka¨hler metrics on each factor, provided that either the integral Futaki invari-
ants of the polarized manifold vanish or its automorphism group satisfies a constraint.
This extends a result of S.-T. Yau [48] about the splitting of a Ka¨hler–Einstein metric
on the product of compact complex manifolds to the more general setting of extremal
Ka¨hler metrics.
1. Introduction
Extremal Ka¨hler metrics were first introduced and studied by E. Calabi in [4, 5]. Let
X denote a connected compact complex manifold of complex dimension n. A Ka¨hler
metric g on X, with Ka¨hler form ωg, is extremal if it is a critical point of the functional
g 7→ ∫
X
s2g
ωng
n! , where g runs over the set of all Ka¨hler metrics on X within a fixed Ka¨hler
class Ω = [ω], and sg denotes the scalar curvature of g. As shown in [4], g is extremal if
and only if the symplectic gradient K := gradωsg = J gradgsg of sg is a Killing vector
field (i.e. LKg = 0) or, equivalently, a (real) holomorphic vector field. Extremal Ka¨hler
metrics include Ka¨hler metrics of constant scalar curvature — CSC Ka¨hler metrics for
short — and in particular Ka¨hler–Einstein metrics. Clearly, if the identity component
Aut0(X) of the automorphism group of X is reduced to {1}, i.e. if X has no non-trivial
holomorphic vector fields, any extremal Ka¨hler metric is CSC, whereas a CSC Ka¨hler
metric is Ka¨hler–Einstein if and only if Ω is a multiple of the (real) first Chern class
c1(X).
It is conceivable to think about an extremal Ka¨hler metric g in Ω as a canonical
representative of the Ka¨hler metrics in the Ka¨hler class Ω. One would then expect that
the extremal Ka¨hler metrics in Ω reflect most of the holomorphic invariants of the pair
(X,Ω). In this vein, the goal of this note is to discuss how that the following natural
splitting problem fits in with some recent progress in the field.
Problem 1. Let Xi, be compact projective manifolds polarized by ample holomorphic
line bundles Li and X =
∏r
i=1Xi their product endowed with the polarisation L =⊗r
i=1 Li, where Li is seen as a holomorphic line bundle over X via the natural pull-
back. Does any extremal Ka¨hler metric g in the Ka¨hler class Ω = 2πc1(L) on X is the
Riemannian product of extremal Ka¨hler metrics gi in the Ka¨hler classes Ωi = 2πc1(Li)
on the factors Xi?
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First of all, it is well-known (see e.g. [48, Thm. 2.1]) that the answer is positive
if we suppose that g is a Ka¨hler–Einstein metric on X. It then follows from a stan-
dard Bochner argument (see e.g. [20, 23]) for the holomorphic projectors Pj : TX =⊕r
i=1 TXi → TXi, where TX (resp. TXi) denotes the holomorphic tangent bundle
of X (resp. Xi). This is the case when each Xi is either a Calabi–Yau manifold (i.e.
c1(Xi) = 0) or has ample canonical line bundleKXi and Li = KXi , or is a Fano manifold
with vanishing Futaki invariant and Li = K
−1
Xi
.
Second, it is now known that the extremal Ka¨hler metrics in a Ka¨hler class Ω are all
isometric under the action of the reduced automorphism group1 A˜ut0(X) [2, 9, 11, 31].
Thus, the main difficulty in proving the splitting property is to show that if the polarized
projective manifold (X,L) =
∏r
i=1(Xi, Li) admits an extremal Ka¨hler metric, then each
factor (Xi, Li) does also admit extremal Ka¨hler metric. It was suggested by S.-T. Yau
[47] that a complete obstruction to the existence of extremal Ka¨hler metrics in the Ka¨hler
class Ω = 2πc1(L) on a projective manifold X polarized by an ample holomorphic line
bundle L should be expressed in terms of stability of the pair (X,L). The currently
accepted notion of stability is the K-(poly)stability introduced by G. Tian [43] and
S. K. Donaldson [12]. TheYau–Tian–Donaldson conjecture can then be stated as follows.
A polarized projective manifold (X,L) admits a CSC Ka¨hler metric if and only if it is
K-polystable. The implication ‘CSC ⇒ K-polystable’ in the conjecture is now well-
established, thanks to work by S. K. Donaldson [15], X. X. Chen–G. Tian [9], J. Stoppa
[38], and T. Mabuchi [32, 33] but the other direction is still open. In order to account
for extremal Ka¨hler metrics of non-constant scalar curvature, G. Szekelyhidi introduced
in [40, 41] the notion of relative K-(poly)stability with respect to a maximal torus of
the connected component Aut0(X,L) of the automorphism group Aut(X,L) of the pair
(X,L) 2 and the similar implication ‘extremal ⇒ relative K-polystable’ was obtained
in [39]. While it is not hard to see that in the product case (relative) K-(poly)stability
of (X,L) implies (relative) K-(poly)stability of each factor (Xi, Li), examples from [1]
suggest that the notion of relative K-(poly)stability must be further strengthened in
order to establish the other direction in the Yau–Tian–Donaldson correspondence.
Our third observation is that if we start with a product Ka¨hler metric in the class
2πc1(L), invariant under a maximal connected compact subgroup K of Aut0(X) =∏r
i=1Aut0(Xi), then the K-relative Calabi flow (a gradient flow for the K-relative
Mabuchi energy) preserves the Riemannian product structure. On the other hand, it is
expected that this flow should converge to an extremal Ka¨hler metric when it exists (see
e.g. [13]). Although this conjecture is very far from being solved, a partial evidence for
it is given in [8, 19, 44]. Note also that this approach has the advantage to apply to the
more general case of a product of compact Ka¨hler manifolds endowed with a product
Ka¨hler class.
Thus motivated, we prove the splitting property under two additional hypotheses.
Theorem 1. Let Xi be compact projective manifolds polarized by ample holomorphic line
bundles Li and X =
∏r
i=1Xi their product endowed with the polarisation L =
⊗r
i=1 Li,
where Li is seen as a holomorphic line bundle over X via the natural pull-back. Then,
any extremal Ka¨hler metric g in the Ka¨hler class Ω = 2πc1(L) on X is the Riemannian
1A˜ut0(X) is the unique connected linear algebraic subgroup of Aut0(X) such that the quotient
Aut0(X)/A˜ut0(X) is the Albanese torus of X [16]; its Lie algebra is the space of (real) holomorphic
vector fields whose zero-set is non-empty [16, 24, 25, 21].
2Recall that Aut(X,L) consist of the automorphisms of X which come from automorphisms of L. It
is well-known (see e.g. [22, 21]) that Aut0(X,L) = A˜ut0(X).
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product of extremal Ka¨hler metrics gi in the Ka¨hler classes Ωi = 2πc1(Li) on the factors
Xi, provided that at least one of the following hypotheses is satisfied.
(i) The integral Futaki invariants of (X,L) introdced in [17] all vanish.
(ii) For at most one factor (Xi, Li), the group Aut0(Xi, Li) has a center of positive
dimension.
The hypothesis in (i) automatically holds if Aut0(X,L) = {Id}. However, it is known
that the hypothesis in (i) is a restrictive condition in the case when Aut0(X,L) is non-
trivial (see e.g. [35]). Also by the results in [17, 29], in the case when 2πc1(L) admits
an extremal Ka¨hler metric, (X,L) is asymptotically Chow stable if and only if the
integral Futaki invariants of (X,L) introdced in [17] all vanish. More generally, the
existence of an extremal Ka¨hler metric in 2πc1(L) is expected to imply that (X,L) is
asymptotically Chow stable with respect to a maximal torus T ⊂ Aut0(X,L): we give
a precise formulation in Conjecture 1 below and discuss it in the light of the work of
T. Mabuchi [28, 29, 30, 32, 33]. We then show how the conjectured correspondence
would solve (via Lemma 2 and Theorem 7) the splitting of the extremal Ka¨hler metrics
in the general polarized case.
We now outline the proof of Theorem 1. It uses an idea going back to G. Tian [42] (se
also [46]) who proved that any Ka¨hler metric ω in 2πc1(L) can be approximated with
induced Fubini–Study metrics from the projective embeddings of the polarized variety
(X,L). More precisely, let h be a hermitian metric on L whose curvature is ω. The
induced hermitian metric on each tensor power Lk is still denoted by h, and using h and
ω, consider the L2 hermitian inner product on each vector space H
0(X,Lk). Fixing an
orthonormal basis for each H0(X,Lk), define a sequence of embeddings Φk : X →֒ CPNk
and induced Ka¨hler metrics 1
k
Φ∗k(ωFS) in Ω = 2πc1(L). Tian showed that
1
k
Φ∗k(ωFS)
converge to ω in C2 as k → ∞ while the C∞ convergence follows from subsequent
work by W. Ruan [37]. For each k, let {s0, · · · , sNk} of H0(X,Lk) with respect to the
L2 hermitian inner product defined by hk = h
⊗k and ω, we denote the corresponding
Bergman kernel ρk as
ρk =
Nk∑
i=0
hk(si, si).
The expansion of Bergman kernel was established by D. Catlin [6] and S. Zeldich [49].
The coefficients of the expansion were calculated by Z. Lu [26]. An important ramifica-
tion of this basic idea, relevant to the problem of existence of CSC metric in 2πc1(L),
was given by S. K. Donaldson [11] who proved that when Aut0(X) = {1}, a CSC
Ka¨hler metric ω in 2πc1(L) can be approximated in C∞ by using special projective
embeddings called balanced, a notion previously introduced and studied by H. Luo [27]
and S. Zhang [50] (see also [3]): a hermitian metric hk on L
k is called balanced if the
corresponding Bergman kernel ρk is a constant function on X, or equivalently, if the cur-
vature ωk of hk satisfies ωk =
1
k
Φ∗k(ωFS). Thus, S. K. Donaldson’s theorem states that if
Aut0(X,L) = {1} and ω is a CSC Ka¨hler metric in 2πc1(L), then for k ≫ 1, there exists
a balanced hermitian metric hk on L
k with curvature ωk and, moreover, ωk converges
to ω in C∞ as k →∞. T. Mabuchi [28, 29, 30] extended Donaldson’s result to the case
when Aut0(X,L) is non-trivial and ω is an extremal Ka¨hler metric: in this case, ω can
be approximated in C∞ by the normalized curvatures ωk of hermitian metrics hk on Lk
which are balanced relative to a torus in Aut0(X,L): this theory is reviewed in Section 2.
For simplicity, we shall momentarily refer to such hk’s as relative balanced metrics on
Lk. In the case when (X,L) =
∏r
i=1(Xi, Li), Grauert’s direct image theorem for co-
herent sheaves implies that H0(X,Lk) =
⊗r
i=1H
0(Xi, L
k
i ). It is then easily seen that
if each (Xi, L
k
i ) admits a relative balanced hermitian metric, then the tensor product
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metric on (X,Lk) is relative balanced and has curvature compatible with the product
structure. Conversely, we show in Section 4 (see Theorem 6) that if Lk admits some
relative balanced metric then each Lki does. We achieve this by studying in Section 3
the Kempf–Ness function D introduced by H. Luo [27] and S. K. Donaldson [14] (it is
the function denoted D in [27] and Z˜ in [14] and is essentially the log of the Chow norm
introduced in [50]). This observation, together with Mabuchi’s approximation result
alluded to above, reduces our problem to showing the uniqueness of relative balanced
metric on L modulo the action of Aut0(X,L). This is not automatic in the setting of
[28, 29, 30] but holds under the assumptions (i) or (ii) of Theorem 1. We thus propose
in Section 2 a stronger notion of relative balanced metrics (which also appears in the
recent work [34]) and point out that for such (strongly) relative balanced metrics the
uniqueness modulo Aut0(X,L) automatically holds (Lemma 2).
2. Hermitian metrics balanced relative to a torus and relative Chow
stability
In this section we briefly review some material taken from the works of S. K. Don-
aldson [11, 14], H. Luo [27], T. Mabuchi [28, 29, 30, 31, 34] and S. Zhang [50] that we
shall need in the sequel.
Let X be a compact complex projective manifold of complex dimension n, polarized
by a very ample line bundle L, and N + 1 be the dimension of V = H0(X,L). Let
κ : X →֒ P (V ∗) denotes the Kodaira embedding with L = κ∗(O(1)). For any basis
s = {s0, · · · , sN} of V we denote
Φs : X →֒ CPN
the composition of κ with the identification s : P (V ∗) ∼= CPN .
The reduced automorphisms group A˜ut0(X) is the closed connected subgroup of
Aut0(X) whose Lie algebra h0 is the ideal of holomorphic vector fields with zeros on
X, see [16, 24, 25, 21]. It is well-known (see e.g. [21, 22]) that A˜ut0(X) coincides with
the connected component Aut0(X,L) of the group of automorphisms of the pair (X,L)
and we obtain a group representation ρ : Aut0(X,L) → PGL(V ). One can think of
Aut0(X,L) as the connected group generated by restrictions to κ(X) of elements of
PGL(V ) which preserve κ(X) ⊂ P (V ∗); replacing L by the tensor power LN+1, we can
further lift the action of A˜ut0(X) = Aut0(X,L) on X to an action on the bundle L (see
e.g. [22]), and find a group representation
(1) ρ : Aut0(X,L)→ SL(V ).
In conclusion, by replacing L with a sufficiently big tensor power if necessarily, we can
assume that the reduced automorphisms group A˜ut0(X) = Aut0(X,L) of X lifts to
act on L, and identify the action of A˜ut0(X) = Aut0(X,L) on X with the induced
action on κ(X) of the connected subgroup SL0(V,X) of elements SL(V ) which preserve
κ(X) ⊂ P (V ∗); furthermore, we shall also assume N > n.
From now on, we shall fix a real torus T ⊂ A˜ut0(X,J) and consider hermitian metrics
h on L which are T -invariant and whose curvature ω defines a T -invariant Ka¨hler form
in 2πc1(L). Note also that, by the Calabi theorem [4], if the Ka¨hler class Ω = 2πc1(L)
admits an extremal Ka¨hler metric, it will also admits one which is T -invariant. Thus,
following [28], we are now in position to introduce the notion of a (T -invariant) hermitian
metric h on L which is balanced relative to T . Denote by T c the complexified action
of T and consider the lifted linear T c-action on V via ρ. Then, for every character
χ ∈ Hom(T c,C∗), we set
V (χ) := {s ∈ V ; ρ(t) · s = χ(t) s for all t ∈ T c},
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and obtain the splitting with respect to the mutually distinct characters χ1, . . . , χν ∈
Hom(T c,C∗)
(2) V =
ν⊕
k=1
V (χk),
with
∏ν
k=1 χ
nk
k = 1 where nk = dimC(V (χk)).
Definition 1. Letm(·, ·) be a hermitian inner product on V . We say that {s0, s1, . . . , sN}
is an admissible normal basis of (V,m) if it is compatible with the decomposition
(2) and provides a normal basis of m on each factor V (χk), i.e. if there exist pos-
itive real constants bk (k = 1, . . . , ν), with
∑ν
k=1 nkbk = N + 1, and a sub-basis
{sk,i, k = 1, . . . , ν, i = 1, . . . , nk} for V (χk), such that
• m(sk,i, sl,j) = 0 if l 6= k or i 6= j;
• m(sk,i, sk,i) = bk.
The vector b := (b1, . . . , bν) is called index of the admissible normal basis {s0, . . . , sN}
for (V,m); in the case when the index is b = (1, . . . , 1) we shall call the basis admissible
orthonormal basis of (V,m).
Note that a hermitian inner product m(·, ·) admits an admissible normal basis if and
only if V (χk) ⊥m V (χl) for k 6= l, which in turn is equivalent tom being T -invariant. For
any T -invariant hermitian metric h on L whose curvature is a Ka¨hler form in 2πc1(L),
V (χk) ⊥ V (χl) for k 6= l with respect to the induced L2 hermitian inner product
m = 〈·, ·〉h on V , defined by
〈s1, s2〉h =
∫
X
h(s1, s2)ω
n,
for any two holomorphic sections s1, s2 ∈ H0(X,L). We then define the smooth function
Eh,b :=
N∑
i=0
h(si, si),
which is clearly independent of the choice of an admissible normal basis of index b on
(V,m).
Definition 2. A T -invariant hermitian metric h on L whose curvature ω is Ka¨hler
metric on X is called balanced relative to T of index b if the function Eh,b is constant
for any admissible normal basis of index b. The curvature ω of h is called a balanced
Ka¨hler metric of index b relative to T .
The definition above has the following useful interpretation in terms of the Ka¨hler
geometry of X. Consider the space BT (V ) of bases of V = H0(M,L), which are compat-
ible with the splitting (2), i.e. which are admissible normal bases for some T -invariant
hermitian inner product m. If s = {s0, · · · , sN} is an element of BT (V ) and h is any
T -invariant hermitian metric on L, we put
(3) hs =
h∑N
i=0 h(si, si)
,
which is manifestly independent of the auxiliary hermitian metric h on L.
Any basis s = {s0, · · · , sN} in BT (V ) determines a T -invariant hermitian inner prod-
uctms on V (and V
∗) such that s (resp. the dual basis s∗) is admissible and orthonormal.
The identification s∗ : P (V ∗) ∼= CPN determines a Fubini–Study metric ωFS,s on P (V ∗),
representing 2πO(1); we denote by ωX,s = κ∗(ωFS,s) the induced Ka¨hler form on X via
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the Kodaira embedding κ. Note that ωX,s is the curvature of the hermitian metric hs
on L defined by (3) and if ω is the curvature of h, it is easily seen that
(4) ωX,s = ω +
1
2
ddc log(
N∑
i=0
h(si, si)).
One therefore obatins
Lemma 1. A T -invariant hermitian metric h on L is balanced relative to T of index b
if and only if with respect to any admissible orthonormal basis s of the hermitian inner
product mh,b on V , defined by rescaling 〈·, ·〉h on each space V (χk) by a factor 1/b2k,
hs = λh for some positive constant λ.
In order to give further motivation for the above notions, we now briefly recall the
(finite dimensional) momentum map interpretation given by S. K. Donaldson [11, 14],
and subsequently studied in [36, 45].
On the space BT (V ) the following groups act naturally:
• C× by scalar multiplications;
• ρ(ZAut0(X,L)(T )) where ZAut0(X,L)(T ) is the connected component of identity of
the centralizer of T in Aut0(X,L);
• GT = S(
∏ν
k=1U(nk)), which is also a connected component of the centralizer of
ρ(T ) in SU(N + 1).
As the actions of C× and ρ(ZAut0(X,L)(T )) commute with the action of GT , we can
consider the quotient space ZT (V ) = BT (V )/(C× × ρ(ZAut0(X,L)(T ))) on which GT
acts with stabilizer (of every point) GT ∩ ρ(ZAut0(X,L)(T )); in our setting ρ(T ) ⊂
GT ∩ ρ(ZAut0(X,L)(T )). Following [11, 36], there is a Ka¨hler structure on ZT (V ), whose
definition uses the fact that any point s = {sk,i, k = 1, . . . ν, i = 1, . . . , nk} of BT (V )
defines an embedding of Φs : X →֒ CPN . With respect to this Ka¨hler structure GT acts
isometrically with momentum map given (up to a non-zero multiplicative constant) by
µGT (s) = i
( ν⊕
k=1
(〈sk,i, sk,j〉hs)
)
0
,
where the (·)0 denotes the traceless part of the matrix (the Lie algebra su(N +1) being
identified with its dual using the positive definite Killing form), and with complexifica-
tion GcT = S(
∏ν
k=1GL(nk,C)). It follows that s is a zero of the momentum map µGT if
and only if hs is a balanced metric of index b = (1, . . . , 1) relative to T ; such a metric
is also balanced with respect to the trivial torus T = {Id} (of index 1). This is the
classic notion of balanced embedding studied in [27, 50]. It follows from these works
that the existence of a balanced basis s is equivalent to the Chow polystability of the
variety (X,L), which we briefly recall: Let d be the degree of the image κ(X) ⊂ P (V ∗)
under the Kodaira embedding. Any element h = (h0, · · · , hn) of P (V ) × · · · × P (V )
((n + 1)-times) is seen as (n+ 1) hyper-planes in P (V ∗), and
{h ∈ P (V )× · · · × P (V ) : h0 ∩ · · · ∩ hn ∩ κ(X) 6= 0}
becomes a divisor in P (V )×· · ·×P (V ) defined by a polynomial Xˆ ∈W = (Symd(V ∗))⊗(n+1),
called a Chow line and determined up to a non-zero scale; the corresponding element
[Xˆ ] ∈ P (W ) is the Chow point associated to (X,L).
Definition 3. The polarized variety (X,L) is called Chow polystable if the orbit of Xˆ
in W =
(
Symd(V ∗)
)⊗(n+1)
under the natural action of SL(V ) is closed. (X,L) is called
asymptotically Chow polystable if (X,Lk) is Chow polystable for any k ≫ 1.
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The result of H. Luo [27] and S. Zhang [50] (see also [28, Theorem A]) then states
Theorem 2. A compact polarized projective complex manifold (X,L) is Chow polystable
if and only if L admits a balanced hermitian metric h (of index 1 relative to T = {Id}).
The relevance of balanced metrics to our work comes from the following central result
in the theory, proved by S. K. Donaldson [11] in the case when Aut0(X,L) is trivial,
and extended by T. Mabuchi [29] to the general case.
Theorem 3. Let (X,L) be an asymptotically Chow polystable compact polarized projec-
tive manifold and ω ∈ 2πc1(L) a Ka¨hler metric metric of constant scalar curvature 3.
Then, there exist sequences of integers mk →∞ and hermitian metrics hk on Lmk , with
curvatures ωk, which are balanced (relative to T = {1} of index b = 1), and such that
1
mk
ωk converge in C∞ to ω as k →∞.
Note that when Aut0(X,L) is trivial, S. K. Donaldson also shows in [11] that the
existence of a CSC Ka¨hler metric in 2πc1(L) implies that (M,L) is asymptotically
Chow polystable while it is known that the latter condition is restrictive in the case
when Aut0(X,L) is non-trivial (see e.g. [35]).
One therefore needs to further relax the condition on balanced metrics in order to
find similar approximations of extremal Ka¨hler metrics on asymptotically Chow unstable
varieties, and this is where the choice of indices b will come to play. Using the momentum
map picture described above, a natural approach developed in [41, 40] would be, instead
of zeroes of µGT , to study the critical points of the squared norm ||µGT ||2 (with respect
to the positive definite Killing inner product of su(N +1)). It follows from the moment
map picture that a basis s ∈ BT (V ) is a critical point of ||µGT ||2 if and only if µGT (s)
is a matrix which belongs to the Lie algebra of the stabilizer of the projection of s to
ZT for the action of GT . In order to simplify the discussion, and with the application
in mind, let us assume that T is a maximal torus in Aut0(X,L). This implies that
ρ(ZAut0(X,L)(T ))∩G = ρ(T ) i.e. the stabilizer of any point of ZT (V ) is ρ(T ). Therefore,
a basis s is a critical point for ||µGT ||2 if and only if µGT (s) is a diagonal matrix
i diag(a1, . . . , a1, a2, . . . , a2, · · · , aν , . . . aν)
which belongs to the Lie algebra of ρ(T ). In other words, s defines a critical point of
||µGT ||2 on ZT if and only if the induced hermitian metric hs on L is balanced relative
to T of index b = (b1, · · · , bν) with
(5) bk =
1 + log |χk(t)|
1 +
∑ν
ℓ=1
nℓ log |χℓ(t)|
N+1
, k = 1, . . . , ν
for some t ∈ T c. The corresponding interpretation in terms of Chow stability has been
worked out by T. Mabuchi [34] and is expressed by the closeness in W of the Chow line
Xˆ under the natural action of the group
Gc
T⊥
(V ) = {diag(A1, · · · , Aν) ∈
ν∏
k=1
GL(V (χk)) :
ν∏
k=1
det(Ak)
1+log |χk(t)| = 1 ∀t ∈ T c}.
Definition 4. We call (X,L) Chow polystable stable relative to T if the Chow line
Xˆ associated to (X,L) has a closed orbit with respect to Gc
T⊥
(V ); (X,L) is called
asymptotically Chow stable relative to T if (X,Lk) is Chow polystable stable relative to
T for all k ≫ 1.
3A. Futaki [17] showed that the extremal Ka¨hler metrics in the Ka¨hler class of an asymptotically
Chow stable polarization must be CSC.
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We then have (cf. [28, Theorem A] and [34, Theorem C])
Theorem 4. A polarized compact projective complex manifold (X,L) is Chow polystable
relative to T if and only if L admits a hermitian metric balanced relative to T for some
index b satisfying (5).
A generalization of the Kempf–Ness theorem (see [41, Theorem 3.5] or [40, Theorem
1.3.4]) in the momentum map set up provides us with the following useful result.
Lemma 2. Let (X,L) be a compact polarized projective complex manifold and T a
maximal torus in Aut0(X,L). Then L admits a hermitian metric balanced relative to T
of some index b satisfying (5) if and only if the orbit of some (and hence each) point of
BT (V ) under the action of the group
Gc
T⊥
= {diag(A1, · · · , Aν) ∈
ν∏
k=1
GL(nk,C)) :
ν∏
k=1
det(Ak)
1+log |χk(t)| = 1 ∀t ∈ T c}
contains a basis s such that hs is balanced with respect to T of index satisfying (5).
Furthermore, any two balanced hermitian metrics relative to T with indices satisfying
(5) are homothetic under the action of Aut0(X,L).
It is not difficult to give a direct prove of Lemma 2, once one knows the relevant
identities to use. The uniqueness part follows from the fact that the T c action generates
balanced metrics relative to T (of some index b satisfying (5)) and the corresponding
admissible bases of index b (see Lemma 1) exhaust the Gc
T⊥
orbits of ZT (V ); one can
then apply Proposition 2 in Section 3. In particular, the index b in Lemma 2 is uniquely
determined.
In view of the discussion above, the following provides a natural scope of a general-
ization of Theorem 3.
Conjecture 1. Let (X,L) be a compact polarized projective manifold and ω ∈ 2πc1(L)
an extremal Ka¨hler metric which, without loss, is invariant under a maximal torus
T ⊂ Aut0(X,L). Then (M,L) is asymptotically Chow polystable relative to T , and
there exists a sequence of integers mk → ∞ and T -invariant hermitian metrics hk on
Lmk with curvatures ωk, which are balanced relative to T of indices bk satisfying (5),
such that the corresponding relative balanced Ka¨hler metrics 1
mk
ωk on X converge in C∞
to ω as k →∞.
In a series of work [28, 29, 30], T. Mabuchi has established a weaker version of
Conjecture 1. The main idea is to consider instead of the group GT , the smaller group
G =
∏ν
k=1 SU(nk) which acts on ZT (V ) with momentum map
µG(s) = i
ν⊕
k=1
(
〈sk,i, sk,j〉hs
)
0
,
so that the zeroes of µG correspond to bases s in BT (V ) for which the hermitian metrics
hs on L which are balanced relative to T of some index b (not necessarily satisfying (5)).
The corresponding notion of Chow stability is then
Definition 5. (X,L) is weakly Chow polystable stable relative to T if the Chow norm
Xˆ associated to (X,L) has a closed orbit under the action of Gc(V ) =
∏ν
k=1 SL(V (χk)).
We call (X,L) asymptotically weakly Chow polystable stable relative to T if (M,Lk) is
weakly Chow polystable stable relative to T for all k ≫ 1.
The following result is extracted from [28, 29, 30].
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Theorem 5. Let (X,L) be a compact polarized projective manifold and ω ∈ 2πc1(L)
an extremal Ka¨hler metric which, without loss, is invariant under a maximal compact
connected subgroup K ⊂ Aut0(X,L). Let T ⊂ K be any torus in the connected com-
ponent of the identity of the centre of K. Then, (M,L) is asymptotically weakly Chow
polystable relative to T and there exists a sequence of integers mk →∞ and T -invariant
hermitian metrics hk on L
mk with curvatures ωk, which are balanced relative to T , such
that 1
mk
ωk on X converge in C∞ to ω as k →∞.
The above statement is implicitly established in [30] in the course of proof that the
existence of an extremal Ka¨hler metric in 2πc1(L) implies that (X,L) is asymptotically
weakly Chow polystable relative to T ; the choice of T is specified by [30, Theorem I].
More precisely, [28, Theorem B] shows that any T -invariant extremal Ka¨hler metric in
2πc1(L) can be approximated by a sequence of almost critical metrics; then, combining
S. K. Donaldson’s idea in [11] and D. Phong–J. Sturm’s estimates in [36], a perturbation
technique is elaborated in [29] and applied in [30] in order to perturb the almost critical
metrics to balanced metrics relative to T , in a way that their curvatures converge to ω.
The limitation of Theorem 5 to complete the proof of the splitting properly (Theo-
rem 1 in the introduction) in full generality is in the lack of analogue of Lemma 2, which
guarantees that any two balanced metrics relative to T on L are homothetic. We show
that this is true under the hypothesis (i) and (ii) of Theorem 1.
3. The Kempf–Ness function D
In this section we are going to apply the well-known ‘Kempf–Ness’ principle related
to the problems of studying zeroes of momentum maps. For simplicity, we discuss
the existence of hermitian metrics on L which are balanced relative to a fixed torus
T ⊂ Aut0(X,L) of some index, but the discussion and all of the results can be easily
adapted to the case of indices satisfying (5) simply by changing the group G to GT⊥ .
We have seen in Section 2 that the problem of finding a basis s ∈ BT (V ) for which hs
is balanced with respect to T is equivalent to finding zeroes of the momentum map µG
in a given orbit Gc · [s0] ⊂ ZT (V ). As µG is G-equivariant, this becomes a problem
on the symmetric space Gc/G. On that space we are going to consider a function
Fs0 : G
c/G → R, called Kempf–Ness function, whose behaviour determines whether or
not there exists a zero of µG on G
c · s0. This function is geodesically convex and its
derivative is essentially µG; hence µG admits a zero on G
c · s0 if and only if Fs0 attains
a minimum on Gc/G.
On the spaceH of all hermitian inner productsm on V such that V (χk) ⊥m V (χl), l 6=
k (equivalently, which admit admissible normal bases of some index) the group Gc(V )
acts with stabilizer G(V,m) = Gc(V ) ∩U(V,m); thus, for each m0 ∈ H, by introducing
an admissible orthonormal basis s0, we can identify the corresponding orbit Mm0 =
Gc(V ) · m0 with the symmetric space Gc/G (which is known to be reducible of non-
positive sectional curvature). The underlying riemannian metric is explicitly given by
(see e.g. [18])
(6) (M1,M2)m = Tr(M1 ·m−1 ·M2 ·m−1),
where the hermitian inner product m is identified with a positive-definite hermitian
endomorphism of V via m0, and M1,M2 ∈ Tm(Mm0) with hermitian skew-symmetric
endomorphisms of (V,m0). Another well-known fact (see e.g. [18]) is that geodesics
correspond to 1-parameter subgroups of Gc(V ), so the geodesic m(t) joining two points
m1,m2 ∈ Mm0 is generated by the family of admissible normal bases s(t) = {etγ0s0, · · · , etγN sN},
where s = {s0, · · · , sN} is an admissible orthonormal basis for m1 which diagonalizes
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m2, and m2(si, si) = e
−2γi (with
∑nk
i=1 γi,k = 0) and m(t) is the unique hermitian inner
product for which s(t) is an admissible orthonormal basis.
Denote by Kω be the set of all Ka¨hler metrics in the Ka¨hler class [ω], i.e.
Kω = {ωϕ | ωϕ = ω + ddcϕ > 0, ϕ ∈ C∞(X)}
We can define a map FS : H 7→ Kω as follows: For any m ∈ H let s = {s0, · · · , sN} be
an admissible orthonormal basis of V and ωFS,s the Fubini–Study it defines on P (V
∗).
Consider the pull-back ωX,s = κ
∗(ωFS,s) under the Kodaira embedding (satisfying (4)),
which is the curvature of the hermitian metric hs on L, given by (3). Put
FS(m) := ωX,s, hm := hs,(7)
noting that for a fixed m the right hand sides of (3) and (4) are independent of the
choice of orthonormal basis s.
Many authors have considered (see e.g. [10, 21]) the functional I : Kω → R, defined
up to an additive constant by requiring that its derivative δI is given by
(δI)(ϕ˙) =
∫
X
ϕ˙ ωnϕ,
where ϕ˙ ∈ Tωϕ(Kω) = C∞(X). Following H. Luo [27] and S. K. Donaldson [14], we
introduce D : H → R by
(8) D(m) := −I(FS(m)).
The restriction of D to the Gc(V ) orbit Mm0 defines a function on Gc(V )/G(V,m0)
which, by introducing an admissible orthonormal basis s0 of m0, will be the Kempf–
Ness function Fs0 : G
c/G→ R referred to earlier.
The following results in this section are essentially proved in [14] and [27]. The way
we treat the reduced automorphism group is inspired by X. X. Chen’s work [7].
We start by characterizing the critical points of D.
Proposition 1. A hermitian inner product m is a critical point of D : Gc(V )·m0 7→ R if
and only if the induced hermitian metric hm defined by (3) and (7) is balanced (of some
index b) with respect to T , i.e. if and only if any admissible orthonormal basis s of m is
a zero of the momentum map µG. Likewise, m is a critical point of D : G
c
T⊥
(V )·m0 7→ R
if and only if hm is balanced of index satisfying (5).
Proof. For Mm0 = Gc(V ) ·m0, we will prove that m is a critical point of D :Mm0 7→ R
if and only if there exist real numbers (b1, . . . , bν) such that for some (and hence any)
admissible orthonormal basis s = {sk,i, 1 ≤ k ≤ ν, 1 ≤ i ≤ nk} of m∫
X
hm(sk,i, sk,i) FS(m)n = bk, i = 1, . . . , nk, k = 1, . . . , ν∫
X
hm(sk,i, sl,j) FS(m)n = 0, if k 6= l or i 6= j.
(9)
Using the hermitian metric hm in the definition (3), we see that the conditions (9) are
equivalent to hm being balanced relative to T of index b = (b1, . . . , bν). The case of a
GcT⊥(V ) orbit will follow with obvious modifications of the arguments below.
(⇒) Let s = {sk,i, 1 ≤ k ≤ ν, 1 ≤ i ≤ nk} be an admissible orthonormal basis of m.
For any choice of γl,j with
nk∑
i=1
γk,i = 0.
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the basis st = {eγl,jtsl,j} defines a hermitian inner product m(t) on V (such that st is
an admissible orthonormal bases for m(t)) and, as we have noticed, m(t) is a geodesic.
Put D(t) = D(m(t)). Using (4), (7) and (8), we obtain for the derivative D′(t)
D
′(t) =
∫
X
∑N
j=0 2γje
2tγj |sj |2h∑N
j=0 e
2tγj |sj|2h
(
FS(m(t))
)n
=
∫
X
Q(t)
(
FS(m(t))
)n
,
(10)
with
(11) Q(t) =
∑N
j=0 2γje
2tγj |sj |2h∑N
j=0 e
2tγj |sj|2h
.
Then, the fact that m is a critical point of D implies
(12) 0 = D′(0) = 2
ν∑
k=1
nk∑
i=1
γk,i
∫
X
hm(sk,i, sk,i) FS(m)n,
where we have used the fact that (11) is independent of the choice of a hermitian
metric h on L. For the latter equality to hold for any choice of real numbers γk,i as
above,
∫
X
hm(sk,i, sk,i) FS(m)n must be independent of i; since FS(m) and hm are T
invariant,
∫
X
hm(sk,i, sl,j) FS(m)n = 0 for k 6= l. Elementary linear algebra shows that if∫
X
hm(sk,i, sk,i) FS(m)n is independent of i for any choice of an admissible orthonormal
basis s for m, then one must have
∫
X
hm(sk,i, sk,j) FS(m)n = 0 for i 6= j.
(⇐) The conditions (9) mean that some admissible orthonormal basis s of m is an
admissible normal basis (of index b = (b1, . . . , bν)) for the induced L2 hermitian inner
product 〈·, ·〉hm ; this is clearly independent of the choice of a particular admissible
orthonormal basis of m. It is therefore enough to pick one admissible orthonormal basis
s, and show that if (9) is satisfied, then m must be a critical point of D, or equivalently,
D
′(0) = 0 along any geodesic m(t) issued at m. The computation (12) shows this. 
Remark 1. If we consider D as a function onGc(V )/G(V,m0) (orG
c
T⊥
(V )/GT⊥(V,m0)),
the computation (10) (compared to a similar result in [50]) shows that D coincides, up
to a positive scale and an additive constant, with the function log || · ||CH,m0 defined on
Gc(V )/G(V,m0) (resp. G
c
T⊥
(V )/GT⊥(V,m0)), where ||·||CH,m0 is the U(V,m0)-invariant
Chow norm on the space W = Symd(V ∗)⊗(n+1), introduced in [50]. This, together with
Proposition 1, explains Theorems 2 and 4, once one proves (as in [50] and [28]) that
log || · ||CH,m0 has a critical point on the Gc(V ) (resp. GcT⊥(V )) orbit of Xˆ if and only
the orbit is closed (i.e. (X,L) is (weakly) relative Chow stable). Note that the latter
condition is independent of the choice of m0, showing that the existence of critical points
of D is independent of the choice of a Gc(V ) orbit in H.
The next results hold for Mm0 being either the Gc(V ) or the GcT⊥(V ) orbit of m0 inH.
Proposition 2. D is convex along geodesics in Mm0 . Furthermore, for any two critical
points m1,m2 (if they exist), the geodesic m(t) joining m1 and m2 defines a family
of balanced hermitian metrics hm(t) relative to T on L, which are isometric under the
action of Aut0(X,L) and, therefore, have the same index b.
Proof. By (10), the second derivative of D(t) is
D
′′(t) =
∫
X
(∂Q
∂t
+ n|dQ|2FS(m(t))
)
FS(m(t))n.
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To show the convexity of D(t) along geodesics, we adopt an argument of T. Mabuchi [28]
by constructing the map
η : [0, 1] × [0, 2π) ×X → CPN ,
(t, θ, x) 7→ [e(t+
√−1θ)γ0s0(x), . . . , e(t+
√−1θ)γN sN (x)].
Letting z = t+
√−1θ, we have
0 ≤
∫
η([0,1]×[0,2π)×X)
ωn+1FS,s
=
∫
[0,1]×[0,2π)×X
(η∗ωFS,s)n+1
=
∫
[0,1]×[0,2π)×X
(
√−1
2π
∂X ∂¯X log(
N∑
j=0
e2tγj |sj|2) +
√−1
4π
∂XQ ∧ dz¯
+
√−1
4π
dz ∧ ∂¯XQ+
√−1
8π
∂Q
∂t
dz ∧ dz¯)n+1
= 2π
∫ 1
0
∫
X
n+ 1
4π
∂Q
∂t
+
(n+ 1)n
4π
|dQ|2FS(m(t))(Φ∗tωFS,s(t))ndt
=
n+ 1
2
∫ 1
0
D
′′
(t)dt
Hence D(t) is convex. It follows that any critical point of D is a global minimizer.
Suppose now m1,m2 are two minimizers of D. Joining m1 and m2 with a geodesic
m(t) as in the proof of (10), we have D(0) = D(1) and D′(0) = 0 = D′(1), so that
D
′′(t) = 0, 0 ≤ t ≤ 1. It follows from the calculation above that∫
η([0,1]×[0,2π)×X)
ωn+1FS,s = 0.
We conclude that for any point p ∈ η([0, 1]×[0, 2π)×X) ⊂ CPN , the complex dimension
of any neighbourhood of p in η([0, 1] × [0, 2π) ×X) is n. Hence the image Φ
s(t)(X) is
fixed, showing that the one-parameter group diag(etγ0 , . . . , etγN ) in SL(N+1,C) induces
a one-parameter group in A˜ut0(X) = Aut(X,L). 
For any m ∈ Mm0 , we introduce the group
Autm(X,Mm0 ,D) = {g ∈ A˜ut0(X) | ρ(g)(Mm0) =Mm0 , D(ρ(g) ·m) = D(m)},
where ρ is the representation (1). Clearly, Autm(X,Mm0 ,D) is a closed subgroup of
Aut(X,L) = A˜ut0(X) while ρ(Autm(X,Mm0 ,D)) is a closed subgroup of SL(V ).
Lemma 3. For any two points m1,m2 ∈ Mm0 , Autm1(X,Mm0 ,D) = Autm2(X,Mm0 ,D).
Proof. Let m(t), 0 ≤ t ≤ 1 be the geodesic connecting m1 and m2 and s an admissible
orthonormal basis with respect to m1. For any g ∈ Autm1(X,Mm0 ,D), ρ(g) ·m(t) is the
geodesic connecting ρ(g) ·m1 and ρ(g) ·m2. Using the integral formula (10), and noting
that (11) is independent of the choice of a hermitian metric h, we have d
dt
D(m(t)) =
d
dt
D(ρ(g) ·m(t)), and therefore D(m2) = D(ρ(g) ·m2). Hence g ∈ Autm2(X,Mm0 ,D).
Similarly, Autm2(X,Mm0 ,D) ⊂ Autm1(X,Mm0 ,D). 
In view of the above lemma, we adopt
Definition 6. AutX(Mm0 ,D) is the closed subgroup of A˜ut0(X) of elements which
preserve Mm0 and D.
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Remark 2. By definition, ρ(AutX(Mm0 ,D)) ⊂ ρ(ZAut0(X,L)(T ))∩GcT⊥ . If T is a max-
imal torus in Aut0(X,L) and X admits an extremal Ka¨hler metric, a result by E. Cal-
abi [4] implies that ZAut0(X,L)(T ) = T
c. We conclude that in this case AutX(Mm0 ,D)
is trivial.
Formula (10) shows that any element of ρ(ZAut0(X,L)(T ))∩GcT (resp. ρ(ZAut0(X,L)(T ))∩
Gc
T⊥
) sends a critical point of D to another critical point. It then follows from Proposi-
tion 2 that when D atteins its minimum on Mm0 (i.e. (X,L) is (weakly) relative Chow
stable, see Theorem 4 and Remark 1), AutX(Mm0 ,D) is the sub-group of ZAut0(X,L)(T )
of elements whose lifts by ρ belong to GcT (resp. G
c
T⊥
).
Lemma 4. Suppose that D has a minimum on Mm0 . Then, the set of all minimizers
represents an orbit for the induced action ρ(AutX(Mm0 ,D)) and for any m ∈ Mm0
there exists a minimizer mmin of D such that
d(m,mmin) = min
g∈AutX(Mm0 ,D)
d(m,ρ(g) ·mmin),
where d is the distance function defined on Mm0 with respect to the metric (6). Fur-
thermore, if m(t), 0 ≤ t ≤ 1 is the geodesic connecting m and mmin, then
d(m(t),mmin) = min
g∈AutX(Mm0 ,D)
d(m(t), ρ(g) ·mmin).
Proof. The first part follows from Proposition 2. For the second claim, suppose gk ∈
AutX(Mm0 ,D) is a sequence such that
lim
k→∞
d(m,ρ(gk) ·mmin) = inf
g∈AutX(Mm0 ,D)
d(m,ρ(g) ·mmin).
Let us denote mk = ρ(gn) ·mmin and choose an admissible normal basis sk of m which
diagonalizes mk. As G(V ) (resp. GT⊥(V )) is compact, we can assume that s
k converges
to an admissible normal basis s ofm. On the other hand, as in the proof of Proposition 2,
we can express the geodesic between m and mk by using a one parameter subgroup
of Gc(V ) (resp. Gc
T⊥
(V )) generated by diag(eγ
k
0 , · · · , eγkN ) and compute d2(m,mk) =∑N
i=0 |γki |2, so that, taking a subsequence, diag(eγ
k
0 , · · · , eγkN ) converges to a diagonal
matrix diag(eγ0 , · · · , eγN ); it defines an element m∞ ∈ Mm0 such that m∞(si, sj) = 0
for i 6= j and m∞(si, si) = e−2γim(si, si). The last conclusion holds easily by using the
triangle inequality. 
The next result establishes the properness of D, provided it has critical points on
Mm0 . A similar result has been originally established by H. Luo [27] in the case when
A˜ut0(X) is trivial.
Proposition 3. Suppose mmin is a minimizer of D on Mm0 . For every C > 0, there
exists C1 such that for any m ∈ Mm1 with the property
D(m) < D(mmin) + C,
there exists a g ∈ AutX(Mm0 ,D) such that
d(m,ρ(g) ·mmin) < C1.
Proof. Suppose for contradiction that there is a constant C > 0 and a sequence mi ∈
Mm0 such that
(13) D(mi) < D(mmin) + C
and
(14) d(mi, ρ(g) ·mmin) > i
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for any g ∈ AutX(Mm0 ,D). By Lemma 4, for any i there exists gi ∈ AutX(Mm0 ,D)
such that
d(mi, ρ(gi) ·mmin) = min
g∈AutX(Mm0 ,D)
d(mi, ρ(g) ·mmin) > i.
Let mi(t), 0 ≤ t ≤ di = d(mi,mmin) be the normal geodesic connecting mmin and mi.
Then, using (13), (14) and Proposition 2, we get
C > D(mi)− D(mmin)
=
∫ di
0
D
′(mi(t))dt
≥
∫ i
0
D
′(mi(t))dt
≥ i
∫ 1
0
D
′(mi(t))dt
= i(D(mi(1)) − D(mmin)).
Letting m˜i = mi(1), we have
D(m˜i) < D(m˜min) +
C
i
while, by Lemma 4,
1 = d(m˜i,mmin) = min
g∈AutX(Mm0 ,D)
d(m˜i, ρ(g) ·mmin).
Taking a subsequence of m˜i converging to a minimizer m∞ of D, we obtain a contradic-
tion (see Lemma 4). 
4. Proof of Theorem 1
It is enough to consider the case when the polarized projective manifold (X,L) is
the product of two factors (X1, L1) and (X2, L2). Denote the dimensions of X,X1,X2
by n, n1, n2 respectively. Letting pi : X → Xi be the canonical projections, we have
L = π∗1(L1)⊗ π∗2(L2).
The holomorphic splitting of the tangent bundle TX = TX1⊕TX2 induces a product
structure A˜ut0(X) = A˜ut0(X1)×A˜ut0(X2), so we can fix a maximal torus T ⊂ A˜ut0(X)
of the form T = T1 × T2, where Ti ⊂ A˜ut0(Xi) are maximal tori. Taking a common
tensor power of the Li’s if necessarily, we will suppose that (X,L) and (Xi, Li) all satisfy
the assumptions made in Section 2. Grauert’s direct image theorem for coherent sheaves
implies that V = V1 ⊗ V2 where V = H0(X,L) and Vi = H0(Xi, Li). Notice that if Vi
splits under Ti as
Vi =
νi⊕
k=1
Vi(χ
i
k),
then
V =
⊕
j,k
V1(χ
1
j )⊗ V2(χ2k)
gives the decomposition (2) for V with χ1j ⊗ χ2i = χk.
Let mi0 be Ti-invariant hermitian inner products on Vi. Simplifying the notation in
Section 3, we let Mi be the Gci (resp. (Gi)cT⊥
i
)) orbit of mi0. The tensor product (of
hermitian inner products and bases) defines a natural map M1 × M2 → M where
M is the Gc (resp. Gc
T⊥
) orbit of m0 = m
1
0 ⊗ m20. We define the subspace Mprod of
decomposable elements of M
Mprod = {m = m1 ⊗m2, | m1 ∈ M1,m2 ∈ M2}.
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Lemma 5. Mprod is a closed totally geodesic submanifold of M which is stable under
the action of ρ(A˜ut0(X))∩Gc. Furthermore, for each m = m1⊗m2 ∈Mprod the induced
metric FS(m) = FS(m1) + FS(m2) on X = X1 ×X2 is a product metric.
Proof. As A˜ut0(X) = A˜ut0(X1) × A˜ut0(X2) and we have assumed (by taking a tensor
power of Li) that each A˜ut0(Xi) acts on Li, it follows that ρ(A˜ut0(X)) ∩ Gc preserves
Mprod.
From the description of the geodesics of M (resp. Mi) in terms of a 1-parameter
subgroups of Gc (resp. Gci ) used in the proof of Proposition 2, it follows that if m
i(t) is
a geodesic ofMi (i = 1, 2), then m(t) = m1(t)⊗m2(t) is a geodesic ofM which belongs
to M.
Thus, in order to established the first part of Lemma 5, we only need to show that
Mprod is a closed subset of M. Consider a sequence mk = m1k ⊗ m2k ∈ Mprod with
mik ∈ Mi. The expression of the geodesic joining mi0 and mik in terms of a 1-parameter
subgroup diag(etγ
i
0 , · · · etγiNi ) of Gci (see the previous section) allows us to compute the
distance functions d and di
di(m
i
0,m
i
k)
2 =
Ni∑
j=0
(γij)
2,
d(m0,mk)
2 =
N1∑
r=0
N2∑
j=0
(γ1r + γ
2
j )
2 = N2d1(m
1
h1
,m1k)
2 +N1d2(m
2
h2
,m2k)
2,
where we have used that γij satisfy
∑Ni
j=0 γ
i
j = 0 for i = 1, 2. This completes the first
part of the Lemma.
The final claim is a direct consequence of (4) and the fact that if we have chosen
h = h1 ⊗ h2 where hi is a Ti-invariant hermitian metric on Li, then the curvature is
ω = ω1 + ω2. 
Proposition 4. For any critical point m of D on M, the induced Ka¨hler metric on
X = X1 ×X2 is compatible with the the product structure.
Proof. Any critical point of M must necessarily be a minimizer by Proposition 2. Let
mmin be such a minimizer. We pick a sequence mk ∈ Mprod such that
lim
k→∞
D(mk) = inf
m∈Mprod
D(m).
Since the functional D defined on M is proper in the sense of Proposition 3, there exist
gi ∈ AutX(M,D) such that
d(ρ(gi)
−1 ·mmin,mi) = d(mmin, ρ(gk) ·mk) < C1
for all i. Putting m˜i = ρ(gi) ·mi, we know by Lemma 5 that m˜i ∈ Mprod. Taking a
convergent subsequence of m˜k and using the closeness of Mprod (see Lemma 5), there
exists m ∈ Mprod such that
D(m) = min
m¯∈Mprod
D(m¯).
Let m = m1 ⊗ m2 be a minimizer of D on Mprod. We claim that mi is a critical
point of the corresponding functional Di on Mi. Without loss of generality, we only
check this for m1. Suppose m1(t) is a geodesic starting from m1(0) = m1 in M1,
expressed in terms of a 1-parameter subgroup diag(etγ
1
0 , · · · , etγ1N1 ) of Gc1 (resp. (G1)cT⊥1 ):
there exists an admissible orthonormal basis s1 = {s1i , 0 ≤ i ≤ N1} of m1 such that
s1(t) = {etγ10 s11, . . . , etγ
1
N1 sN1} is an admissible orthonormal basis for m1(t). Let s2 =
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{s2j , 0 ≤ j ≤ N2} be an admissible orthonormal basis for m2. Then m(t) = m1(t)⊗m2
is a geodesic in M starting from m and s1(t) ⊗ s2 is an admissible orthonormal basis
for m(t). Since m(t) ∈Mprod and m is a minimizer of D on Mprod, we have
0 = D′(0)
=
∫
X
∑N1
i=0
∑N2
j=0 2γ
1
i |s1i |2h1 |s2j |2h2∑N1
i=0
∑N2
j=0 |s1i |2h1 |s2j |2h2
FS(m)n1+n2
=
( ∫
X1
∑N1
i=0 2γ
1
i |s1i |2h1∑N1
i=0 |s1i |2h1
FS(m1)n1
)
×
(∫
X2
∑N2
j=0 |s2j |2h2∑N2
j=0 |s2j |2h2
FS(m2)n2
)
= C
∫
X1
∑N1
i=0 2γ
1
i |s1i |2h1∑N1
i=0 |s1i |2h1
FS(m1)n1 = C D′1(0),
where C is a strictly positive constant. We conclude that m1 is a critical point of D1 on
M1 by using Proposition 1. Conversely, Proposition 1 also shows that m is a critical
point of D on M. Now, by Proposition 2, the induced Ka¨hler metrics on X by the
critical points of D are isometric under the action of A˜ut0(X) = A˜ut0(X1)× A˜ut0(X2)
so, in particular, to the induced product Ka¨hler metric by m = m1⊗m2 (see Lemma 5),
which completes the proof. 
As the existence of critical points of D is independent of the choice of orbits (see
Lemma 2 and Remark 1), we obtain as an immediate corollary of Proposition 4
Theorem 6. Suppose X admits a balanced Ka¨hler metric relative to T in 2πc1(L).
Then there exits a balanced Ka¨hler metric relative to T in 2πc1(L) compatible with the
product structure X = X1 ×X2.
Proof of Theorem 1. Combining Theorem 6 with Theorem 3 and Propositions 1 and 2
yields the proof of Theorem 1(i). In order to prove Theorem 1(ii), we use Theorem 5 with
T being the connected component of the centre of A˜ut0(X), so that, by the assumption,
for one of the factors, (X1, L1) say, T1 = {Id}. It is not hard to see that in this case
each Gc orbit of admissible hermitian inner products on V = V1 ⊗ V2 contains products
m = m1 ⊗m2. (The latter is not true in general.) We can then apply Proposition 4. 
Remark 3. The above arguments and the uniqueness established in Lemma 2 would
imply the splitting property should Conjecture 1 be true.
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